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Abstract
By using a general quadratic saddle-point approximation, we develop a
model-independent formalism for extracting information about azimuthally
symmetric sources from gaussian ts to two-particle correlation data. To use
this technique, the average energy of the particle pair in the measurement
frame must be less than some upper limit, which for heavy-ion collisions at
the AGS or SPS is about 560 MeV. In addition to discussing the standard
tting procedure, we introduce a new gaussian tting procedure which is
an azimuthally symmetric generalization of the Yano-Koonin formalism for
spherically symmetric sources. This new tting procedure has the advantage
that in addition to being able to measure source parameters in a xed frame








Recently quite a bit of work has been done in trying to determine which attributes of
the hadronic source formed in high-energy particle or heavy-ion collisions can be determined
by measuring the Hanbury-Brown{Twiss (HBT) correlations of identical emitted particles.
Usually the experimental correlation function is t with a gaussian in some components




[1{4]. The parameters of such a t (called
correlation radii) are then often compared to some simple analytic model in order to get an
idea of what is being measured. For example, for a static gaussian source, the duration of
emission time is directly proportional to the dierence of the squares of the correlation radii
which are parallel to (\out") and perpendicular to (\side") the transverse component of
the total pair momentum. However, this result is not true if for example the actual source
contains any z-t, z-x, or x-t correlations, such as would be caused for quickly expanding
sources.
The purpose of this paper is to determine in a model-independent way exactly what
features of the source are actually being measured by experimental correlation data. To
do this, we use a quadratic saddle-point approximation [5{7] to a general source function
in order to derive a completely Lorentz covariant expression for the two-particle correlation
function which can be applied to any analytic model. In this approximation, 10K-dependent







) is the average
momentum of the two particles. The origin of these 10 parameters can be understood by
noting that for each value ofK, our approximation is mathematically equivalent to a gaussian
ellipsoid described by three Euler angles of orientation, three components of the velocity of
the local rest frame, three spatial extensions, and one temporal extension. As we will show,
however, only six K-dependent parameters (not including the coherence parameter ) can
be measured by making a gaussian t in q to the correlation function.
Furthermore, a source function which is azimuthally symmetric in coordinate space will
not in general be azimuthally symmetric in momentum space, since the direction dened by
2
K?
breaks this symmetry. As a result, the K-dependent ellipsoid equivalent to such a source
still requires one Euler angle, two velocity components, three spatial extensions, and one
temporal extension in order to describe it. In this case, only four K-dependent parameters
can be determined by making a gaussian t in q. Since for arbitrary K
?
the number of
source parameters exceeds the number of gaussian-t parameters, some denite model must
be used in order to interpret how the latter depend on the former.
For pairs with K
?
= 0, however, only four K-dependent parameters are needed to
describe the source (one velocity component, two spatial extensions and one temporal ex-
tension), so the four parameters measured in a gaussian t provide enough information to
unambiguously determine all of these source parameters. Although in practice it is very
dicult to measure a pair whose total transverse momentum vanishes, the prescription that
we develop for extracting the source parameters remains approximately valid for nonvan-
ishing transverse pair momenta which are smaller than some model-dependent upper limit.
In Sec. 5 we apply our saddle-point approximation to some general hydrodynamical models
to show that this upper limit for K
?
may actually be a function of the average longitudi-
nal momentum K
L
of the pair in the measurement frame. For heavy-ion collisions at the
Brookhaven Alternating Gradient Synchrotron (AGS) and the CERN Super Proton Syn-
chrotron (SPS), the small K
?
techniques that we develop should be applicable to pairs
whose average energy is less than about 560 MeV.
If an azimuthally symmetric correlation function is t to a gaussian using only the
spatial components of q, then extraction of the source parameters is a bit cumbersome.
Alternatively, we show that the extraction of these parameters is much simpler if a t
is made to a generalization of the Yano-Koonin formalism [8,9]. Furthermore, this new
formalism has the advantage that it measures the source parameters in a frame which,
for many interesting models, coincides with the local rest frame of the source around its
saddle point. For example, for nite systems undergoing boost-invariant expansions, the
new formalism allows measurement of the source parameters in the local rest frame of the
uid, whereas xed and longitudinally co-moving system (LCMS) radii measure the source
3
in dierent frames.
II. LORENTZ COVARIANT CORRELATION FUNCTION
For the two-particle correlation function, we use the well-established theoretical approx-
imation [10,11,7]












































plus sign is to be used for boson pairs and the minus sign for fermion pairs. The labeling


















. The S(x;K) in Eq. (2.1) is a function which describes the phase-space density of the
emitting source.










= 0 ; (2.2)
where  = f0; 1; 2; 3g. The saddle point is that point in space-time which has the maximum
probability of emitting a particle with momentumK. A quadratic saddle-point approxima-
tion for S(x;K) then yields






































Note that since B

(K) is symmetric, it will in general have 10 independent components.
From the form of Eq. (2.3), it is seen that the saddle-point approximation is mathematically
equivalent to an ellipsoid described by the 10 K-dependent parameters mentioned in the
Introduction. As long as the saddle point x(K) is unique, knowledge of the 10 functions
B

(K) is in most practical situations sucient for a complete characterization of the source.
To get a better feeling for what is meant by the saddle point and the curvature radii, let
us consider the simple gaussian source function























Using Eq. (2.2), we see that the saddle point for this function is independent of K and given




. The curvature radii dened by Eqs. (2.4) and (2.5) are





= R ; 
3
= L ; and 
0
= t : (2.7)
That the curvature radii are independent of K is true for any source in which the space-
time and momentum dependences factorize. For the simple source of Eq. (2.6) they simply
measure the relevant geometrical \radii" of the system. For more realistic situations like
the examples we study later, however, the space-time and momentum-space structure of
the source are correlated. As a result, all components of the curvature tensor B

will be
K-dependent and will also involve other features of the source such as temperature and
expansion velocities.
Returning to the general source of Eq. (2.3), we see that the correlation function dened
by Eq. (2.1) involves the inverse of B:












Please note that, due to the Minkowski metric g




























It is convenient to dene [7,12,13] the following K-dependent average of an arbitrary
space-time function (x) with the source density S(x;K):









































The saddle point is thus the average space-time point from which particle pairs with mo-




(K) in the correlator (2.8) measure the













can be understood as the squares of the lengths of homogeneity of the source as seen by
pairs with momentum K. It should be noted that the homogeneity lengths agree with
the curvature radii (2.5) only if the curvature tensor B

is diagonal. This was implicitly
assumed by the authors of [5,6], who rst introduced the name \homogeneity length" but
used it for the curvature radii (2.5) of the source near the saddle point.
It may at rst seem that all of the components of the correlation tensor B
 1
can be
found simply by comparing the results of a four-dimensional t to the correlation function
with Eq. (2.8). Such a t is not possible, however, since q
0
is highly correlated with the




























which is valid for pairs with jqj  E
K
, one can use (2.16) to t the correlation function
(2.8) to the form
















































cross terms can be either positive or negative and  is a parameter introduced
to allow for coherence eects [14,15] and/or particles from the decay of long-lived resonances





























In general, the six R
2
parameters found by tting correlations to Eq. (2.18) do not provide





Due to Eqs. (2.16) and (2.17), any Lorentz transformation and/or spatial rotation to a









Thus the new R
02
parameters found in the primed frame will simply be linear combinations
of the R
2
parameters found in the original frame. For example, the longitudinally co-moving
system (LCMS) is dened as the longitudinally boosted frame in which 
0
3
= 0 [20,3,4]. The
R
02









































































































































III. AZIMUTHALLY SYMMETRIC SOURCES
For an azimuthally symmetric source, it is convenient to choose z^ to point along the
beam (\longitudinal") axis and to choose x^ to point in the same direction as the component
of K which is perpendicular to the beam (\out"). The remaining (\side") direction is then









= 0. Since the latter is true, azimuthally symmetric sources must satisfy
S(t; x; y; z;K) = S(t; x; y; z;K) : (3.1)




= 0 for  6= 2. The reader can verify that













has only seven independent components.
By inserting Eq. (3.1) into Eq. (2.1), one can see that the correlation function from an











= 0, so that only four R
2
parameters can be found by making a
gaussian t to the correlation function [7,13,22]:






























Expressing these four correlation radii in terms of the seven independent elements of the













































































































































































































































is proportional to the square of the





and that all x-z, x-t, and z-t correlations are negligible.
Note that there is no a priori reason why only the spatial components of q must be
used to t correlation functions. The time component q
0
can be used as well, provided the
number of free parameters of the t does not exceed four. For example, one could t the
correlation to a generalization of the Yano-Koonin formalism [8,9]


































1; 0; 0; v












(K), and v(K) are the four t parameters,
which are functions of K. When using this tting procedure, it is convenient to dene the
particle labeling such that q
0
is always positive. In this way, pairs with positive and negative
q
3
are physically distinct and can be separately binned.
The boost-invariant form of Eq. (3.5) means that for any given value of K, there is







(K) measure the source in this frame, regardless of which longitudinally
9
boosted frame is chosen for the evaluation of the q

. Although the general interpretation of




























= 0 : (3.7)

















































































Just as for the correlation radii of (2.19) and (3.3), these t parameters contain mixtures
of various spatial and temporal lengths of homogeneity, making the extraction of source
parameters in general highly model dependent. However, a t to the form (3.5) has the








A very interesting limit of azimuthally symmetric correlation functions is when the aver-




! 0). From the form of Eqs. (3.8), it
is obvious that this limit should be taken with some care. However, the following considera-
tion shows that the dangerous-looking terms with inverse powers of 
1
present no problem.
For pairs with K
?
exactly vanishing, it is not possible to distinguish between the \side" and









= 0 : (4.1)















































Its inverse, the correlation matrix B
 1
of Eqs. (2.8) and (2.14), has the same block-diagonal
























i = 0 : (4.2)
The dangerous-looking terms with inverse powers of 
1
in (3.8) thus vanish, and indeed it
is clear that the correlator (2.8) with the above structure of B
 1
can always be t by the
generalized Yano-Koonin form (3.5).
For the moment, let us assume that Eq. (4.1) holds even for pairs with small but nonva-
nishing K
?






















































































Since Eq. (4.1) has eliminated three of the original seven source parameters, the re-







































































































used for tting Eq. (3.2) are evaluated in a xed frame, then the above parameters
describe the source as seen in that xed frame. If, on the other hand, LCMS values for q
i
are used, then Eqs. (4.4) (with 
3























































in the center-of-mass frame of a symmetric projectile-target collision.
Since Eq. (4.1) does not necessarily hold for pairs with nonvanishing K
?
, what we would
really like to determine is which values ofK
?




















































































































































In order to reproduce expression (4.3), the sum of all of the terms in the square brackets






. One way that this can be achieved is by assuming
that all of the 


































If the above conditions apply, it can be veried that all of the expressions in (4.1) and (4.4)
become good approximations. In the next section we will show that for some interesting
physical models, (4.7) can indeed be achieved for pairs which feature suciently small K
?
.
Before looking at those models, however, we would like to note that experimental cor-










Eqs. (4.4) from measured correlation radii (assuming (4.7) is valid), there will be a certain




should be used. Fortunately, this problem can be
circumvented by using the new tting procedures that we introduce in Appendix A.
Alternatively, the source parameters can be found by tting the correlation functions to

















' 0 : (4.8)
Thus, for pairs with suciently small K
?
, v(K) = 0 identies the frame for each value of K
in which all of the o-diagonal components of B

(K) are negligible. For many interesting
models, this frame corresponds to the local rest frame of the source near the saddle point
x(K) (see Sec. 6). Consequently, for these models, v(K) measures the velocity of the local
rest frame relative to the measurement frame.
In addition to measuring source parameters in the v(K) = 0 frame, the tting procedure
of Eq. (3.5) can be used to measure the source in the LCMS or a xed frame. To do this, the
q

used for the t must be evaluated in the desired frame in order to determine the correct
value for v(K) (the other parameters are independent of the longitudinal frame chosen). It







































































Notice that for v(K) = 0, the above expressions reduce to those of (4.8). Furthermore, since
none of the above expressions exhibit any 
i
dependencies, no additional tting procedures
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are needed (such as those in Appendix A).
Using the modied Yano-Koonin formalism of Eq. (3.5) has the advantage that by making
a single t in a xed frame, one can determine the source parameters both in that frame
via (4.9) and simultaneously in the v(K) = 0 frame via (4.8). Similarly, by making a single
t in the LCMS frame, one can simultaneously determine both LCMS and v(K) = 0 source
parameters. Using Eq. (3.2), on the other hand, requires at least two ts (see Appendix A)
just to determine the source parameters in a single frame.
V. UPPER LIMITS ON K
?
In order to get some idea of which values of K
?
would be suciently small to be able to
use the approximations of the last section, let us look at a general hydrodynamical model



























denote the local hydrodynamic ow velocity, inverse temperature, chemical potential, and
normal-pointing freeze-out hypersurface element, respectively. Only the products Kn(x)
and Ku(x) in (5.1) can generate a dierence between the \side" and \out" source param-
eters, since these are the only places in which the K
?
dependence enters. Obviously, for









= 0), the approximations of (4.4), (4.8), and (4.9) become
exact, so the K
?




To see the eect that radial expansion has on these results, we consider a variation of








































and T is a constant freeze-out temperature. Note that in the limit
t ! 0, S(x;K) becomes the Boltzmann approximation to the hydrodynamic emission
function of Eq. (5.1) with a constant freeze-out time t
0















Use of a nonzero t represents a smearing of the sharp three-dimensional freeze-out hyper-
surface t = t
0
over the fourth (temporal) dimension.

























, Eq. (5.5) can be used




1) as well as nonrelativistic (v
i
 1) expansions. (Note that




are not the longitudinal and transverse velocities of the
source at z = L and  = R, respectively.)
By using Eq. (2.2) to calculate the saddle point of the emission function and recalling




































































































, we can see from Eq. (5.6)









Given this condition and the form of Eqs. (5.6) and (5.7), we are justied in deducing that



















Furthermore, for the model under consideration B
10
= 0, and in Appendix B we show that











. Consequently, in the context of the present model,
Eq. (5.9) is a sucient condition to justify the use of the K
?
! 0 expressions of the last
section.
By measuring slopes and curvatures of one-particle distributions from heavy-ion collisions
at the AGS and SPS, the freeze-out temperatures and maximum transverse velocities for
reactions at both accelerators have been estimated to be on the order of T = 140 MeV and
v
t
= 0:5 [25{27]. From Eq. (5.9), these estimates imply that the expressions of the last
section should be good approximations for pairs with E
K
less than about 560 MeV.
Recall that the emission function of Eq. (5.3) was dened in the center-of-mass frame
of the expanding reball. It is easy to see that B
30
= 0 in that frame. Therefore, by the




measure the temporal and longitudinal
lengths of homogeneity in the center-of-mass frame, even if the momentum dierences used
to t the correlation to Eq. (3.5) are calculated in some other reference frame. This feature
could be especially useful in analyzing asymmetric collisions, where there may be some
ambiguity as to exactly which frame represents the center of mass.






















































, and Y is the rapidity of
16
a particle with momentum K. In the limit  ! 0, S(x;K) now becomes the Boltzmann
approximation to the hydrodynamic emission function of Eq. (5.1) with a constant freeze-
out longitudinal proper time 
0























































Consequently, for this model the K
?
! 0 expressions of the last section are once again
applicable as long as Eq. (5.9) is satised.
Moreover, note that the local longitudinal rest frame of the source near the point x

is
dened by the four-velocity
u(x) ' (ch; 0; 0; sh) ; (5.13)
where, from the saddle-point equations (2.2),  satises













= 0 : (5.14)
Longitudinally boosting S(x;K) from the center-of-mass frame (Eq. (5.10)) to the local
longitudinal rest frame (primed) of an element of the source around x





=     and Y
0
= Y    : (5.15)
Notice that this frame coincides with the LCMS (Y
0
= 0) frame only when  = Y . From
Eq. (5.14), we see that this coincidence will be true only for pairs with Y = 0 (in the
xed frame), or for innitely long systems ( ! 1) [7,13,22]. Thus, for nite systems
undergoing boost-invariant expansions, LCMS correlation radii do not in general measure
the source parameters in the local rest frame around the saddle point.
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In both of the examples that we just considered, the transverse velocity prole was
linear in  for very small values of . However, hydrodynamical calculations [30,31] as well
as microscopic simulations using the RQMD code [32] suggest a prole which is roughly
quadratic near the origin. It is instructive to see how such a dierent velocity prole aects
the upper limit on K
?


































For small values of  this corresponds to a quadratic transverse velocity prole. It can




, the only real-valued saddle point has
transverse coordinates x = y = 0. Using this saddle point, it is possible to show that
Eqs. (4.1) are exact, so the small K
?
approximations of the last section are justied. Unlike
the linear velocity prole of Eq. (5.11), the quadratic prole of Eq. (5.16) yields an upper
limit on K
?
which is independent of the mass and longitudinal momenta of the particles
under consideration. Thus, for any given m, K
L
, T and ~v
t
, it is always possible to choose
a K
?
which is small enough such that the approximations of the last section will be valid.
Given the velocity prole of Eq. (5.11), on the other hand, if one chooses T = 140 MeV and
v
t
= 0:5, then the upper limit of E
K
< 560 MeV can never be achieved for protons due to
their large rest mass.
VI. LOCAL REST FRAME PARAMETERS
For sources like that of Eq. (5.10), which are undergoing boost-invariant expansions, it
would be very interesting to know the curvature radii of the source in the  and  (longitudi-
nal proper time and spacetime rapidity) directions. Using the denition of B

in Eq. (2.4),























































































; it is also necessary to know the spacetime rapidity component  of the
saddle point (see Appendix C)! The addition of this new parameter makes it impossible in







The only exception is for pairs with Y = 0 in the center of mass of a symmetric projectile-




=  = 0, so for pairs which










Note that when Y = 0, the LCMS, v(K) = 0, and xed center-of-mass frames all coincide,
so the 
i
can be measured in any one of them. On the other hand, within a nite momentum
bin centered around Y = 0, these frames do not always coincide and (6.2) will no longer
be true. Nevertheless, for a small enough central rapidity bin, Eq. (6.2) may not be a bad
approximation.
It is now interesting to return to the model of Eq. (5.10). Since for that model (or any
model with negligible  - correlations) M
30
' 0, it is possible to solve for the other three


















Notice that in the v(K) = B
30
(K) = 0 reference frame,  = 0. From Eq. (5.13), we can
see that this frame coincides with the local longitudinal rest frame of the source in the
neighborhood of the saddle point x

. In other words, for pairs satisfying (4.7) from a source














are found by tting the correlation to Eq. (3.5).
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VII. CONCLUSIONS
We have shown that in general the number of parameters needed to describe a source in
the quadratic saddle-point approximation exceeds the number of parameters which can be
determined by making gaussian ts to two-particle correlation data. However, for particle
pairs with suciently small K
?
coming from an azimuthally symmetric source, all four of
the K-dependent parameters needed to describe the source can be determined from the ex-
perimental parameters measured in a gaussian t. Using two general hydrodynamic models,
we showed that for heavy-ion collisions at the AGS or SPS, pairs with average energies less
than about 560 MeV in the measurement frame should be \suciently slow" for this pur-
pose. It should be noted that the source shape seen by slow particles may still not be the
geometrical shape of the source, but rather that of the local region of homogeneity which
is aected by the expansion ow prole of the source. To separate the ow eect from the
underlying geometry, it is necessary to determine the K
?
dependence of the HBT radius
parameters. Fortunately, much of this dependence may be possible to see while staying in
the \small" K
?
regime. For example, for pions with K
L
= 0 in the measurement frame,
values of K
?
up to 540 MeV/c will still correspond to energies below 560 MeV, so at least
ve 100-MeV bins in K
?
can be explored below the limit. Of course for any given analytic
model it should also be possible to extract source parameters from large K
?
correlation
radii by using expressions such as those in Eqs. (3.3). However, at large K
?
, each correla-
tion radius will contain contributions from a large number of eects which may be dicult
to disentangle.
In the past there has been some debate as to which longitudinal reference frame would
be the most appropriate for measuring correlations from a given reaction. For example, for a
source which is not expanding longitudinally, the source center-of-mass frame is the natural
choice. On the other hand, for an innite source which is undergoing a boost-invariant
expansion, the LCMS represents the local rest frame of the source and is thus the natural
choice. Since experimental reactions undoubtedly produce sources which lie somewhere
20
between these two extremes, some intermediate frame is needed. The generalized Yano-
Koonin tting procedure of Eq. (3.5) has the advantage that it does not require one to
postulate a reference frame beforehand; the data themselves determine a frame for each
value of K. For many interesting \intermediate" models, the parameters in this v(K) = 0
frame measure the source in its local longitudinal rest frame, while xed frame or LCMS
parameters measure the source in some dierent frame.
Certainly the best way to compare any given model to correlation data is to make the




) space, rather than to compare the tted
correlation radii of the model to those extracted from the data. Nevertheless, we have shown
here that gaussian ts can still reveal some very interesting information about the velocity
of the local longitudinal rest frame as well as the lengths of homogeneity of the source.
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of Eqs. (4.4) can be
removed through the introduction of new tting procedures. We label the tting procedure
dened by Eq. (3.2) with an \a". Thus, R
2
3
(a) refers to the square of the \longitudinal"







in making a gaussian t to the correlation function. In other
words,



































where we have suppressed the K dependence of the R
2
parameters. It can now be seen that


















































in a xed frame, we need to introduce two additional tting






























































































where the   (+) sign in B
30




< 0). Note that due to this
distinction, the above method for determining source parameters should not be applied to
bins in which some of the pairs have 
3
> 0 while others have 
3
< 0.





































































































as long as (5.9) holds.
























































































































































, we have rst used Eq. (5.14) to check








> 0:7, then for Y 6= 0, jj < jY j and  has the








> 0:7 may present a signicant restriction
for electron or photon correlation measurements, it does not present a signicant restriction
for current two-hadron correlation measurements from particle or heavy-ion collisions. Even
for pions, temperatures of up to 200 MeV would still satisfy this condition. Given this
condition, from Eq. (5.14) it is possible to show that for Y 6= 0,
1

































(   Y )























(   Y )
ch(   Y )
: (10)

































To see how the  dependence arises when one is trying to nd the curvature radii in
longitudinal proper time and spacetime rapidity, it is instructive to redo the saddle-point
approximation using rapidity rather than longitudinal momentum coordinates. For the
















= 0 : (12)
The quadratic saddle-point approximation can then be reexpressed as:























































(    ); (x  x); (y   y);  (   )

: (16)
In the second line of the last equation, we used the form of Eqs. (2.1) and (13) to note that
the main contribution to the emission function S comes from spacetime points where    
is small.












), respectively. Note that we are using a dierent denition of Y here than
was used in Sec. 5. Also, the reader should take care not to confuse the rapidity dierence y


















































































sh(   Y )

 (   ) ; (17)
24
where for the last equality we again used      1. By changing integration variables
from  and  to  and  =  (   ), we can perform the integration of Eq. (2.1) to nd the
correlation function


















































































with the same Minkowski metric as before.
We can now see why the saddle point  enters the formalism. The quantity qx is
manifestly boost invariant, so its Y dependence can only enter in the form of the dierence
 Y . After integrating over  (or actually ), the only quantity left which can maintain the
boost invariance of the Y dependence is . In this way, an additional parameter is forced on
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